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THEORY well_founded_set(s, <)
[VtCs|t#0D — [Om € t,Vu € t| ~u < m]
— < is thereby assumed to be an irreflexive well-founded relation on s
= (orden)
well_founded_set-1 F [Vxes,Vyes|(x<y — -y <Ix) & =x <X
— Minrel(T) =, ifTCs& T#0thenarb({m: me T|[VueT|-u<tm]}) elsesfi
- orden(X) =, Minrel(s\{orden(y): ye X})
well_founded set-2  F sC{orden(y): y € X} <> orden(X)=s
well_founded set-3  F orden(X)#s <> orden(X) € s
-- Well-ordering complies with ordinal enumeration
well_founded set-5 F  Ord(U) & Ord(V') & orden(U)#s & orden(V)7£s — (orden(U) <torden(V) — U € V)
well_founded set-6  F {u: u€es|u<orden(V)}C{orden(x): x € V}
-- Well-ordering is initially 1-1
well_founded set- 7  F  Ord(U) & Ord(V') & orden(U)#s & orden(V')#s & U#V — orden(U)#orden(V)
well_founded set-8 F [Jo|Ord(o) & s={orden(x) : x € o} & 1-1({(x,orden(x)) : x € o})]
END well_founded_set

THEORY well_ordered_set(s, <1)
[Vx€s,Vy €s|(x<Qy Vy<IxV x=y) & x<Ix]&[Vxes,Vyes,Vzes|xdy&ky<iz—x<Z]
& [VtCs|t#D) — [Fx e t,Vy € t| x <y V x=y]]
— (orden)
well_ordered set - 1 F o [VtGs, 3x|t#£D - x e t& [Vy € t| x <y V x=y]]
- Minrel — well_ordered_set - 1 = [VtCs| t7#0 — Minrel(t) € t & [Vy € t| Minrel(t) <y V Minrel(t)=y]]
- orden(X) =, ifsC{orden(y): y € X} then s else Minrel(s\{orden(y): y € X}) fi
well_ordered_set - 2 F sC{orden(y) : y € X} <> orden(X)=s
well_ordered_set - 3 F orden(X)#s — orden(X) € s
-- Monotonicity of Minrel
- well_ordered set-4 F RCs& TCR & T#D — Minrel(R)=Minrel(T) V Minrel(R) <1 Minrel(T)
-- Well-ordering is isomorphic to ordinal enumeration
well_ordered set - 5 F Ord(U) & Ord(V') & orden(U)#s & orden(V')#s — (orden(U) <t orden(V) «—» U € V)
well_ordered_set - 6 F Ord(V)&orden(V)#s — {u: u €s|u<orden(V)}={orden(x) : x € V'}
-- Well-ordering is initially 1-1
Ord(U) & Ord(V') & orden(U)+#s & orden(V')#s & U#V — orden(U)#orden(V)
[3o| Ord(o) & s={orden(x) : x € o} & [Vx € o] orden(x)7~s] & 1-1({(x, orden(x)) : x € o})]
(Ord(V) & orden(V)#s — 1-1({(x,orden(x)) : x € V'}))
& domain({(x,orden(x)) : x € V})=V
& range({(x,orden(x)) : x € V})={u €s: u<orden(V)}
&{u: ues|u<orden(V)}={orden(x) : x € V}
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END well_ordered_set



